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Overview

» The conditional game can compare
approximations for accuracy

» First way to do this

» Follows from simple properties

» Uses Q(x;j|x1:i—1), and ZP for scoring

» Exact inference is optimal

» Both players suboptimal — some guarantees
» Empirical investigations

» Some pros, some cons. Future work
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Approximate Inference

random state x = (x1,...,X;, ..., X,), factors «

P(xlxe=x) = P/(x) = la (x5, %) H%(Xa

- Zé(xkaxk) H’@ba Xa
Q(x;) ~ Z P'(x) = P(xi|xx = x{)

X\,

conditioned model
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Game requirements

1. No extra computation

ZP(x) = [ [ ¥a(x)

2. No additional randomness
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Sampling a point

X1 Xo X3

? Q(xy=1)=05

1] 2 Q(x = Olx; = 1) = 0.2
10|72 Qlxs=1xx=1,x%=0)=07
1101

— Q(x) = Q(x=1)

X Q(X2 = O‘Xl = ].)
X Q(X3 = 1‘X1 = ].,X2 = 0)
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The opponent’s strategy

1
R(x3, x1,x%) 2 Q(x) = FZP(X)
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Strategies versus conditioned marginals

» Conditioned marginal approximations define
players

» In general, strategies D approximations

v

Possible to simulate opponent

v

Unfold game tree for several moves

» —> Too expensive

v

Better to pretend opponent unknown,
second-guessing impossible

» Assume players use natural strategies
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The opponent’s strategy, restated

Q(x) _ 1
ZP(x) = 7@
> Qlx) = R(x)
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The opponent’s strategy, restated

Q(x 1 1
ol i
> Qlx) = R(x)
XQ(X2|X1) Z R(XQ‘X]_)
XQ(X3|X1, x2) > R(x3|x1,x2)
ZP(x)
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Definition of conditional game
Marginal player, conditional player (Q, R)
Turniel...n
» MP: advertises marginals Q(x;|x{,; ;)
» CP: chooses a state x*

(X,"Xik, 1)

X' = argmln _—
R(X/|X1/ 1)

(= x* {QUxFIxt 1) }1)

Value of game:

H QUi 1)

V(Q.R) = |ngig [T ()



Variable order

Turni€el... n:

Value: CP chooses:
QUulxi, )
VT (Q, R) arg max =
Xi R(Xi‘xlzi—l)
- Qx| 1)
V- (Q,R) arg min =
Xi R(Xilxlzi—l)



Variable order

Turntel... n:

Value: CP chooses:
Qx| X7, ,)
VH(Q, R) arg max 2
(it i1:e—1,%i,) R(Xit‘xil:t—l)
Q(xi, |x
V=(Q, R) arg min b :t_l)
(ie¢n:t—1.%;,) R(Xit‘ il:t—l)
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An example game

MP
-~ Q(Xl = ].|X1
@<
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Rpa=1..)=1 ~ =X
R(xx=1]...)=0.9~
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X =1 Q(x)=10.2
Xp, = 0 Qx|x7) = 0.2
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MP CcpP

G s

Xt X, Xt
1l [ ] =1 x; =1 Q(x) =02
[1[0] | =2 x;=0 Q(x¢|x;) = 0.2

2

[1]0]1] ts=3 xg=1  Q(3|x,)=05

3

=(1,0,1), Q(x*)=0.2x02x0.5=0.02

002

+ 0.2x0.2x0.5
VH(Q,R) = IongOl) IogH S e—LoD) — = log 55
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Xt X, Xt
(1] | ] =1 x; =1 Q(x)=0.2
[1]0] | =2 x;=0 Q(x5]x;) = 0.2
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An example game

MP CcP
Xt X, Xt
] [ ] h=1 x5 =1 Q(x;)=10.2
[1]0] | =2 X = Q(x5]x;) = 0.2
[1]0]1] tz=3 x;=1 Q(x5|xf,) =05

x*=(1,0,1), Q(x*)=0.2x0.2x05=0.02

?
VT(Q,R) = —log 500 2 — log Z



An example game

MP

GD

Xt XtoXt3

x* = (1,0,1),

V+(Qv R) -

Who wins?

CP
h=1 x=1 Q(x) = 0.2
th=2 X5 = Q(x3|xy) = 0.2

t;3 =3 x5 =1 Q(x3]x7,) =05
Q(x*) = 0.2 x 0.2 x 0.5 = 0.02
?

—log500 2 — log Z
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CP: chooses x* = arg {

~Q(x=1]..) R(a
GPNOla1..) > Ria— /@
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CP: chooses x* = arg{r':;‘(}x R J;(i 3
MP - Qia=1]..) RGa=1].. )
@QQ(XFH...) > Rio=1|.. )~
Qls=1]...) R(z=1]...)
MP Ria=1]..) QGa=1]...)~
@QR(XQ:H...) > Qlo=1|...)~
Ro=1..) QLu=1]..)/



The difference score

CP: chooses x* = arg{,r:;r; }X

MP: advertises marginals Q(x,|x1, 1)

‘X1 1)
R(xilx5;_1)

MP - Qia=1]..) RGa=1].. )
@QQ(XFH...) > Rio=1|.. )~
Qls=1]...) R(z=1]...)
'\g)/RExlﬂ:...g nglzli...g\ cP
\RX2:1... >QX2:1.../
NR(o=1..)  Qu=1..)/

S™(Q,R) = VI (MP=Q,CP=R)

— VH(MP=R,CP=Q)




The difference score

CP: chooses x* = arg{,r:;r; }X

MP: advertises marginals Q(x,|x1, 1)

‘X1 1)
R(xilx5;_1)

MP - Qia=1]..) RGa=1].. )
@QQ(XFH...) > Rio=1|.. )~
Qls=1]...) R(z=1]...)
MGg/RExlzl{...g nglzli...g\ cP
\RX2:1... >QX2:1.../
NR(o=1..)  Qu=1..)/

S™(Q,R) = VI (MP=Q,CP=R)

Note that

— VH(MP=R,CP=Q)

SHP,Q) <0




The difference score

CP: chooses x* = arg{,r:;r; }X
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Qls=1]...) R(z=1]...)
MGg/RExlzl{...g nglzli...g\ cP
\RX2:1... <QX2:1.../
NR(o=1..) Qu=1..)/

S(Q,R) = V" (MP=Q,CP=R)

Note that

— V- (MP=R,CP=Q)

S (P,Q)>0




The difference score MP: advertises marginals Q(x,|x1, 1)

min } Qxilxf; )
Xi

CP: chooses x* = arg {

max I Xi R(xi|x};_;)
MP - Qia=1]..) RGa=1].. )
@QQ(XFH...) < Rlo=1|.. )~
Qls=1]...) R(z=1]...)
'\é';/RExlﬂ{...g QEX1:1I...3\ cP
\RX2:1... <QX2:1.../
NR(o=1..) Qu=1..)/

S7(Q,R)=V (MP=Q,CP=R)
— V- (MP=R,CP=Q)
Note that
S7(P,Q)>0

ST penalises overestimates, S~ penalises underestimates
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The four-way score MP: advertises marginals Q(x,|x1, 1)

min } QUxilx_1)
max I Xi R(xi[x}; ;)

CP: chooses x* = arg {

CP MP cp
/R(X1—1| ) QX1—1| /Q X1—].| ) R(X1:1|)\
@\R(XQ )<Q(X2—1| /Q @ sz_1| J) <R(X2:1|...)/@

\R(X3 | ) Qlxs=1].. )/ \ ) R(X3:1|...)/



The four-way score

MP _Ria=1]...) Q=1
@QR(XFH'”) < QLe=1]
R(xs=1]...) Q(xs=1]
/R()q 1...) Qla=1|
GD\R(X2 1]...) > Q=1
R(xs=1]...) Q(x3=1|

MP: advertises marginals Q(x,|x1, 1)

‘X1 1)
R(xilx5;_1)

CP: chooses x* = arg{,r:;r; }X

CP
= )/Q @\Q X2 1| .)<R(X2:1|...)/@

\ X3 1|) R(X3:1|...)
CP CP
A N X1 1|) R(X1:1|...)\
=1|... /@ GD\ Xp = 1|) >R(X2=1|...)/Q
—1..)/ \Q (o=1...) RGa=1]..0/



The four-way score

MP R =1

G Re=1|..
\R(X3:1| ..

G)

/R(X1 1|..

MP: advertises marginals Q(x,|x1, 1)

‘X1 1)
R(xilx5;_1)

CP: chooses x* = arg{,r:;r; }X

CP
= )/Q @\Q X2 1| .)<R(X2:1|...)/@

\ X3 1|) R(X3:1|...)
CP CP
A N X1 1|) R(X1:1|...)\
=1|... /@ GD\ Xp = 1|) >R(X2=1|...)/Q
—1..)/ \Q (o=1...) RGa=1]..0/

=S5(Q,R)—S"(Q,R)



The four-way score MP: advertises marginals Q(x,|x1, 1)

CP: chooses x* = arg{r':;‘(}x R |‘2 3
MP o RGa=1]..) Q(a=1..)~ % Ca=1...) RGa=1..)~
@\R(X2:1|...) < Q(X2:1|)/® @\Q X2 1| ) <R(X2:1|...)/@
NR(a=1]..)  Quez1..)/ NQ(o=1l..) RGo=1. )
CP CP
P oR(a=1..) Qa=1]...)~ Qla=1]..) R(a=1]...)~
G) R(Xz 1|) >Q(X2:1|)/@ GD\ Xp = 1|) >R(X2=1|...)/Q
NRoe=11) Q=11 \Q (o=1...) RGa=1]..0/
54(07 R) = 57(Q7 R) - 5+(Q7 R)
Note that

54(P,Q) =0



The four-way score

MP _Ria=1]...) Q=1
@QR(XFH'”) < Q=1
R(xs=1]...) Q(x3=1]
/R()q 1...) Qla=1|
GD\R(X2 1]...) > Q=1
R(xs=1]...) Q(x3=1|
(Q,R)

Note that

.. Too complicated?

MP: advertises marginals Q(x,|x1, 1)

‘X1 1)
R(xilx5;_1)

CP: chooses x* = arg{,r:;r; }X

NS (a=1..) RGa=1]...)~
= g>® @\Q X2 1| ) <R(X2:1|...)/@

\ X3 1|) R(X3:1|...)
CP CP
A N X1 1|) R(X1:1|...)\
=1|... /@ GD\ Xp = 1|) >R(X2=1|...)/Q
—1..)/ \Q (o=1...) RGa=1]..0/

=S5(Q,R)—S"(Q,R)

S4(P,Q)>0
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Properties of four-way score

» Deterministic

» Antisymmetric: S4(Q, R) = —S4(R, Q)

» Complexity = O(n X running Q and R)

» Exact is optimal: S54(P, Q) >0

» Exact wins: Q(x;) # P(x;)) = S4(P,Q) >0

What if neither @ nor R is exact?
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Theoretical bounds for comparing approximations

» @ better than R, but neither exact

» When will 54(Q, R) > 0?7 Not guaranteed in
general

» Assume R goofs up first move (error in
marginals)
max(; ) |log R(x;) — log P(x;)| > €
» And suppose we can bound Q over whole game
> . |log Q(x;’;\x,?;t_l) — log P(x,?’;\x;::t_l) <4
» It follows that
54 Z € — 5(5
(soe>bd = S, >0 = Q beats R)
» Conservative bound (not average case)
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Error measures

max L; error: max; Zx,- |Q(xi) — P(xi)]

max Lllog error: max; ) |log Q(x;) — log P(x;)|
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Comparison of five approximations

> Errors:
avg L1 avg Lllog max L'fg
LCBP 0.0001 0.001 0.017

TreeEP 0.0087 0.044 0.548

CBP 0.0111 0.054 1.256
BP 0.0163 0.071 1.642
Gibbs 0.0225 0.211 0.830

» Pairwise S; scores:
LCBP TreeEP CBP BP  Gibbs

LCBP 0 5.3 13.8 22.8 13.0
TreeEP 0 8.4 135 4.0
CBP 0 276 3.7
BP 0 -4.0

Gibbs 0
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Random approximations and models

v

Fully connected binary pairwise, 7 variables

(i, xj) = exp(2W)
GBP using sets of triangular regions
(really HAK)

v

v

v
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Conclusion

» First technique for comparing approximations for
accuracy

» Conditional game

» Simple motivation

» Exact inference is optimal

» Some guarantees when both players suboptimal

» Experiments a success
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Conclusion

Pros:

» Deterministic
» Similar cost to inference
» Hard to think of a better alternative

Cons:

» Requires n runs of inference

» Doesn’t correspond to any error measure
» Approximates “strange” error measure L'lOg
Doesn't do well with zeroes

v

Future work:

» Partial games, parallelism
» Approximations with compilation (e.g. (Lowd 2010))
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