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I Follows from simple properties

I Uses Q(xi |x1:i−1), and ZP for scoring

I Exact inference is optimal
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I Empirical investigations
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Definition of conditional game

Marginal player

, conditional player (Q, R)
Turn i ∈ 1 . . . n:

I MP: advertises marginals Q(xi |x∗1:i−1)

I CP: chooses a state x∗i

x∗i = arg max
xi

Q(xi |x∗1:i−1)

R(xi |x∗1:i−1)(
→ x∗, {Q(x∗i |x∗1:i−1)}i

)
Value of game:

(Q,R) ≡ log
1

ZQ
x∗

= log

∏
i Q(x∗i |x∗1:i−1)
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Definition of conditional game

Marginal player, conditional player (Q, R)
Turn i ∈ 1 . . . n:

I MP: advertises marginals Q(xi |x∗1:i−1)

I CP: chooses a state x∗i

x∗i = arg min
xi

arg min
xi

arg min
xi

Q(xi |x∗1:i−1)
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Variable order

Turn i ∈ 1 . . . n:

Value: CP chooses:

V +(Q,R) arg max
xi

Q(xi |x∗1:i−1)

R(xi |x∗1:i−1)

V−(Q,R) arg min
xi

Q(xi |x∗1:i−1)

R(xi |x∗1:i−1)

V + = V− = log 1

ZQ
x



Variable order

Turn t ∈ 1 . . . n:

Value: CP chooses:

V +(Q,R) arg max
(it /∈i1:t−1,xit )

Q(xit |x∗i1:t−1
)

R(xit |x∗i1:t−1
)

V−(Q,R) arg min
(it /∈i1:t−1,xit )

Q(xit |x∗i1:t−1
)

R(xit |x∗i1:t−1
)

V + = V− = log 1

ZQ
x



An example game

MP Q(x1 =1)=0.2
Q(x2 =1)=0.7
Q(x3 =1)=0.4

R(x1 =1)=0.1
R(x2 =1)=0.8
R(x3 =1)=0.3

CP

xt1xt2xt3
1

1 0

1 0 1

t1 = 1 x∗t1 = 1 Q(x∗1 ) = 0.2

t2 = 2 x∗t2 = 0 Q(x∗2 |x∗1 ) = 0.2

t3 = 3 x∗t3 = 1 Q(x∗3 |x∗1,2) = 0.5

x∗ = (1, 0, 1), Q(x∗) = 0.2× 0.2× 0.5 = 0.02

V+(Q,R) =

Who wins?
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CP: chooses x∗i = arg {min
max}xi
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MP: advertises marginals Q(xi |x∗1:i−1)

CP: chooses x∗i = arg {min
max}xi

Q(xi |x∗1:i−1)
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Properties of four-way score

I Deterministic

I Antisymmetric: S4(Q,R) = −S4(R ,Q)

I Complexity = O(n × running Q and R)

I Exact is optimal: S4(P ,Q) ≥ 0

I Exact wins: Q(xi) 6= P(xi) =⇒ S4(P ,Q) > 0

What if neither Q nor R is exact?
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Theoretical bounds for comparing approximations

I Q better than R , but neither exact

I When will S4(Q,R) > 0? Not guaranteed in
general

I Assume R goofs up first move (error in
marginals)

max(i ,xi ) |logR(xi)− logP(xi)| ≥ ε

I And suppose we can bound Q over whole game∑
t

∣∣∣logQ(x∗it |x
∗
i1:t−1

)− logP(x∗it |x
∗
i1:t−1

)
∣∣∣ ≤ δ

I It follows that
S4 ≥ ε− 5δ

(so ε > 5δ =⇒ S4 > 0 =⇒ Q beats R)

I Conservative bound (not average case)
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Comparison of five approximations

I Errors:
avg L1

avg Llog1 max Llog1

LCBP 0.0001

0.001 0.017

TreeEP 0.0087

0.044 0.548

CBP 0.0111

0.054 1.256

BP 0.0163

0.071 1.642

Gibbs 0.0225

0.211 0.830

I Pairwise S4 scores:
LCBP TreeEP CBP BP Gibbs

LCBP 0 5.3 13.8 22.8 13.0
TreeEP 0 8.4 13.5 4.0
CBP 0 27.6 3.7
BP 0 -4.0
Gibbs 0
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